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Dedicated to the memory of my father who died during the preparation of this manuscript. 

Abstract 

We consider an isolated plane curve singularity and its associated Eisenbud and 
Neumann diagram. We give an algorithm to compute the maximal spectral value on 
the diagram and we show that the singularity is topologically equivalent to another 
singularity for which the maximal spectral value is given by the point (1, 1) in the 
plane of the Newton polygon. From the almost additivity on the splice components of 
the diagram we compute the sum of the square of the spectral values. This formula 
with the previous result on the maximal spectral value give us the Hertling conjecture 
as a corollary. 

Resume 

On considere une singularity isolee de courbe ainsi que son diagramme de Eisenbud 
et Neumann. On donne un algorithme pour calculer la valeur spectrale maximale sur 
le diagramme et on montre que la singularity est topologiquement equivalente a une 
autre telle que sa valeur spectrale maximale est donnee par le point (1, 1) dans le plan 
du polygone de Newton. De la presque additivite sur les composantes de splice du 
diagramme, on calcule la somme des carres des valeurs spectrales. Cette formule ainsi 
que les resultats precedents sur la valeur spectrale maximale nous donne la conjecture 
de Hertling comme corollaire. 
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1 Introduction 

Some 25 years ago, Steenbrink has defined the spectrum of an isolated hypersurface singu- 
larity in |Stl| and then Steenbrink himself, Varchenko p7] and others have obtained very 
interesting results motivated mainly by one conjecture made by Arnold, see |AGV| and [St2j 
for more details. 

The spectrum is a collection of rational numbers between —1 and n, where n + 1 denotes 
the dimension of the ambient space and it is symmetric around (n — l)/2. 

The variance measures the distribution of these numbers with respect to the middle point 
and is defined by 



where a± + ■ ■ ■ + as an element of W®> is the spectrum with ol\ < • ■ ■ < a^. 

It came as a great surprise when Hertling, at the Summer Institute on Singularities, 
Newton Institute, Cambridge 2000, proposed the following conjecture. 

Conjecture 1.1 For any isolated hypersurface singularity 



This conjecture was supported at the time by the case of weighted homogeneous singu- 
larities where one has in fact an equality (see [HJ for a conceptual proof involving Frobenius 
manifolds and [DiJ for a high school proof based on some formulas in jStl| ) as well as by 
inspection through Arnold's lists of singularities. 

Soon after this, M. Saito (see |S2j) showed that Conjecture 11.11 holds for all irreducible 
plane curves singularities. In 2002 it has been proved by the author that Conjecture II . II also 
holds for all non-degenerated and commode plane curves singularities. 

Here we prove the Conjecture II .11 for all isolated plane curve singularities, see Corollary 



In section [2] we recall how to compute the spectral pairs of an isolated curve singularity. 
Note that in every dimension the spectrum of a Newton non-degenerated singularity is 
known from the Newton polyhedron by Steenbrink [Stlj . Khovanskii and Varchenko |KVJ . 
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In section we give a geometric description in terms of Newton polygons, generalizing 
the well known situation of the Newton Non-degenerated case. 
In section |H we recall the formulas in the non-degenrated case. 

In section El we construct an application from the set of isolated singularities plane curve 
in the free group generated by the commode Newton polygons. 

In section E] we give an algorithm to compute the maximal spectral value and we prove 
the Theorem 16.71 

In every dimension we already know that the multiplicity of the minimal spectral value 
is one, see [HI]. We Thank Antoine Douai for this reference. 

Finally the section is the core of the proof of the conjecture and gives us an expression 
of 65* — jja^ (S is the sum of the square of the spectral values and a M the maximal spectral 
value) as a linear combination with strictly negative coefficients of the determinants of the 
Eisenbud and Neumann diagram representing the link of /. The formula gives the Hertling 
conjecture as a corollary. 

2 Definition of the spectral pairs of a fibered Eisenbud 
and Neumann diagram 

In this section we define a notion of spectral pairs associated to a fibered multilink, see [SSSJ 
and [CJ. Let L be a fibered multilink and (T, *) a rooted Eisenbud and Neumann diagram 
with non zero determinant representing L (for instance minimal). See |EN| . |CP| for a 
complete introduction of Eisenbud and Neumann diagram and |N] for a rapid and historic 
introduction. 

Let V the set of vertices, Ed the set of edges, A the set of arrows and R the set of rupture 
vertices (vertices such that the number of incident edges is greater or equal than 2) of T. 

Let v be a vertex of T. Cut edges joining v and rupture vertices. Replace the edges by 
arrows with multiplicities such that the multiplicity m v of v doesn't change (see Figure H}. 
We define m» = for % — k + 1, • • • , n v , (3j for j — 1, ■ ■ ■ , n v such that 



(3jdi ■ ■ ■ dj ■ ■ ■ 



a Hv = 1 mod ctj 




Figure 1: Neighborhood off 
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and 

rrij - Pjm v , th 
s v ,w — s v,j = , where w is the end 01 the j edge. 

OZj 

(1) If v is not the root then let p(v) be the predecessor of v given by the first vertex met in 
the path from v to * (it is unic because T is a tree), 

(2) m v the multiplicity of the vertex v, it is the sum over the arrows of the product of all 
edge weights adjacent to the path from v to the arrows, 

(3) d v = gcd(m v ,s vAv) ), 

(4) r v = gcd(m„, s v , p{v) ,j = !,••• ,n v ). 



Then we define some elements of Z^ xZ ) by 




, v e Vu {*}, 



where {x} for x G R means the fractional part of x. 
Definition 2.1 The spectral pairs of L are defined by 

Spp(L) = ]Ta,+ (cv-b v )-K+J2< + (\A\-l)(0,l). 

veR veR\{*} veA 

and the spectrum of L is defined by the projection on the first factor of the spectral pairs and 
is denoted by Sp(L). 

Remark 2.2 The definition of the spectral pairs of a fibered multilink is an invariant of 
the topology of the complementary of the link and is independant of the choice of the root. 
It is also independant of the diagram if we not permit zero determinants. The spectrum is 
independant of the choice of the root and the diagram (even if we accept zero determinants). 
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Theorem 2.3 QSSSJ) Let f be an isolated plane curve singularity and Lf the link associ- 
ated to f . Then Spp(L/) = Spp(/). 

The following proposition shows that Spp is almost additive. The section El will explain 
that through a factorisation Spp is additive. 

Proposition 2.4 (|SSSJ) Suppose that the fibered multilink L is the result of splicing the 
fibered multilinks L\ and L 2 along components of multilink multiplicities mi and m 2 . Let 
d = gcd(m l5 m 2 ) then 

d-i 

Spp(L) = Spp(L0 + Spp(L 2 ) - (0, 1) + [(^ °) " (~2> 2 ) ' 

We denote by «i, . . . , the spectral values, where /i is the number of spectral values 
counted with multiplicity and ct\ < ■ ■ ■ < a^. 

3 Geometric description of the spectrum 

Let us consider T(m, n,p, q, £i, . . . , £ a ) the (minimal) diagram defined by the Figure El where 
m, n are non negative integers, (p, q) are coprime positive integers, £i,...,£ a are positive 
numbers, £ = £\ + ■ — \- £ a , with m — p£ > 0. 

(m — p€) 

(4) 

(n) 

Case 1: 
If m - pi ^ and n j£ 

Figure 2: Parallelogram Diagrams 

Diagrams of this type are the bricks of the Eisenbud and Neumann diagrams. 
As we have seen in the Remark 12.21 the spectrum of T(m,n,p,q,£i, . . . ,£ a ) and of the 
Figure El are equals. 



o 



(rn — pi) 



o 




(4) 

{ta) 




O 



(ta) 



o 



v 

(n) 

Case 2: Case 3: Case 4: 

If rn — p£ — and n ^ 0. If m — pi ^ and n — 0. If m — pi — and n — 0. 
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(m — pi) 
A 



"> (<i) 



"> (4) 



> (<«) 



V 

in) 



Figure 3: Separated Arrows 

So from now we suppose that a = 1 and £\ = £ so the diagram is T(m,n,p,q,£) and we 
compare its spectrum with the spectrum of T(p, q, m, n, 1, . „ , 1 ). 

€ times 

Chose -u and i> such that up + vq = 1. And note r = gcd(£, m, n), d = gcd(£, N), 
d = gcd(m — p£, n + q^) and = gcd(m, n). Then we have 



Spp(T(m,n,p,q,£)) 



0<s<Af 
N\sr 



, sf] f sfum — vn — £) 1 f s(i> n — m) 



■0 



- E [(-? 2 ) + (? )] + E (-^2)+S(r(m,n,p,9,^)) + 2(0,l), 



0<s<r 



0<s<c( 



and 



Spp(r(p, q, m, n, l^^L)) 

£ times 



E/ s£ f s(«m — vn — £) 1 f 
(- 1 + iv + {^v '} + { 



0<s<iV 



TV 



±i--n,i 



+ B(r(p, 9 ,m,n,l ;1 ^) + (« + 1)(0, 1), 

£ times 



where 
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' ES 1 f-t.2)+Etr 1 (-^2) Casel, 

B(F(m, n, p,q,£))=< ("^' 2 ) CaSG 2 ' 

££^(-i,2) Case3, 
Case 4, 

and S(r(p, g, to, n, 1, . . . , 1 )) = B(r(m, n,p, q, £)). 

£ times 

As we will see the following Lemma is very usefull to understand the geometry of the 
spectrum. 

Lemma 3.1 Let x and y be real numbers such that x < y. Then we have 

card(]x, y[nZ) = y - x + {x} + {-y} - 1. 
Let the linear map defined by 

0: R 2 — ► R 



I i qx+py 

qm+pn ' 

We then have a generalisation relative to a cone. 

\2 



Lemma 3.2 Let s in Z, (to , n ), (to 1; ni) G (N*) , Q linearly independants, K the open 
cone in M. 2 ^ generated by ( Too, no) and (toi,71i). TTien we have 



card ( X n (j)' 1 ( J n N 2 



fci f um - wn 1 f - umi 

- H s + < s > + < s 

Pini + gimi LPi n i + <?i m i J LPi"i + 9iWi 

Now we are ready to write a geometric interpretation of the spectrum in the non- 
degenerated case. 

Proposition 3.3 

Spp(r(p, q, 171,71,1^^1)) = 

I times 

(1 - 4>{m, n),l) + B(F(p, q, to, n, L___l)) + (t + 1) (0, 1) , 

(m,n)eP <? times 

where P is the open parallelogram generated by (to, n) and (to — p£,n + q£). 
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Now the following formula permits us to understand the geometry in the non degenerated 
case. 



Spp(T(m,n,p,q,£)) = Spp(r(p, q, m, n,l^^ 

l times 



E 

0<s<N 



si 
N 



N 



± 



- E 



0<s<r 



N 



s 

-, 2 
r 



0<s<N 
N/sr 



S 

- o 

r 



E (± 
E 



s 

N 



0<s<d 



S 

l' 2 



(i-l)(0,l). 



To avoid long explanation we give an example of geometric representation of T(7, 2, 2, 3, 3) 
in the Figure El in order to understand the geometry of the spectrum when it is degenerated 
with respect to the Newton polygon. 



(i) 



9 >(3) 

3 



(2) 




(a) Eisenbud and 
Neumann diagram of 
r(7,2,2,3,3) 



(b) Geometric representation 
of r(7,2,2,3,3) 



Figure 4: Example of geometric representation of the spectrum 

4 The non-degenerated and commode case 

Let / : (C 2 , 0) — > (C, 0) be an isolated singularity of curve. We suppose that / is Newton 
non-degenerated and commode. 

8 



The Newton polygon is given by the Figure pTa 



Xi-i 




(a) Local case (b) One face 



Figure 5: Newton polygon 

and the Eisenbud and Neumann diagram is given by the Figure El 

Q 
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Figure 6: Eisenbud and Neumann diagram 

The correspondance between (Xj = (m i? nj)) <j< r (r is the number of faces of the Newton 
polygon of /) and (p h q h fcj)i<i< r is given by 

rrii = kxpi H h hpi, 

rii = k i+ iq i+1 H h k r q r , 

for < i < r and 

hi = gcdfmi - mj_i, rij-i - rij), 
Pi = (m; - rrii-J/ki, 
qi = {rii-i - rii)/ki. 
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for 1 < i < r. 

It is usefull to introduce two new points X^\ = (1,1), X = (1,1) and the following 
notations: 

di = gcd (r^, 71*), 1 < i < r, 

= mjnj — rrijUi, — 1 < i, j < r + 1, in particular A^.! = ki(pini + qifrii), 

Pi = {AiXi_! + A 2 Xi : < Ai < 1, i = 1, 2}, 1 < i < r, 

U =]0,2X,[, l<z<r-l 

(pi the linear map which take the value 1 on Xj_i and X{, for 1 < i < r, 
Aj = pi+igi - Pift+i, 1 < i < r. 
Let call Tnd(pi, Qi, k±; ■ • ■ ;p r , q r , K) such a diagram. 

Remark 4.1 Due to the local situation we know that Aj > 0. We can permit ki = by 
puting T ND (p 1 ,q 1 ,k 1 ; ■ ■ ■ ;p r ,q r ,k r ) = T ND (p 1 ,q 1 , ki, ■ ■ ■ ;pi,qi, kf, ■ ■ ■ ;p r ,q r , k r ) where the 
hat means that the term is omitted. 

From the previous sections we have the following well known equalities. 

Proposition 4.2 The spectrum of f is 

r r— 1 

i=l (m,n)ePinN 2 i=l (m,n.)eLinN 2 

and the Milnor number of f is 

fi{f) = Ao,-i + A lfi + ■■■ + A r+hr + 1. 
In |B1| it has been proved that we have the following theorem. 
Theorem 4.3 We have 

r-l 

6S - /la^ = -) j EiAi, 
i=i 

where 

= 1 - io (l, 1) 

is the maximal spectral value with io such that (1,1) is in the parallelogram generated by 
XiQ-i, Xi and 

E = \ (Et-i ^Wfa - mi ) + d? - mi) if 1 < * < i , 
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Remark 4.4 The previous formula is true for every i G {1, . . . , r}, we use it for i in order 
to prove the Hertling conjecture. 



The quantities Ei are strictly positive so we deduce the following corollary. 

Corollary 4.5 If f is a germ Newton non-degenerated and commode then the conjecture of 
Hertling is true for f . Moreover, we have an equality if and only if f is a positive deformation 
of a quasi-homogeneous polynomial defining an isolated singularity. 

Notation 4.6 To simplify the computations we need to introduce: 

p. = [ T,k=-i A k+iA n i ~ m i) + df - rrii if 1 < i < i , 

I J2l=io A k+l,k{ m i ~ n i) + d l ~ n i if *0 < * < r, 

and 

Ai^iAi+^i (p l n i + qimi)(p i+1 n i+1 + q i+1 m i+1 ) 

The formula becomes 

r-l 



6S - fia^ = y^^FjCj. 



i=i 

Remark 4.7 We have the following usefull eqality 

(jh - m^Aj 

{PiUi + q i m i )( y p i+1 n i+1 + q i+ im i+1 ) 



Ji(l,l) -&+!(!,!). 



5 Newton polygonal representation and additivity of the 
spectral pairs 

Let / : (C 2 ,0) — > (C, 0) be an isolated singularity of curve. From the Newton Puiseux 
algorithm, we can compute the Eisenbud and Neumann diagram of an isolated plane curve 
singularity. This algorithm follows a tree called here the polygon tree P/ of /, being the 
root of Pf and gives a splice diagram Tf. Each vertex of this tree correspond a polygon. 

In the following, without loss of generality we can supposse that we can use the repre- 
sentation of a Eisenbud and Neumann diagram given by the Figure U\ representing /. 
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Q 




6 6 



Figure 7: A general Eisenbud and Neumann diagram 

Definition 5.1 Let V a be the Z-free module generated by the abstract Newton polygons 
Fnd(pi, Qi, ki) • ■ ■ ;p r , q r , k r ) where ki, • ■ ■ ,k r are positive integers and (pi, qi), ■ ■ ■ , (p r , q r ) 
are positive coprime integers. 

Let Sppa : V a — > iP® the morphism such that Sppa(r_Ari5(pi, qi, k±; • • • ;p r ,q r ,k r )) = 
Spp(r^£,(pi, q 1} ki, ■ ■ ■ ; p r , q r , k r )). 

Cut the horizontal edges (those are not vertical) and put arrows with multiplicities such 
that the multiplicities of each vertex don't change. See Figures |H1 






6 




6 




6 



6 



Figure 8: Two consecutive vertical parts of the Eisenbud and Neumann diagram 



Then replace horizontal arrows with multiplicity I by I arrows of multiplicty 1 ans sub- 
stract by a new diagram in order to obtain polygonal diagrams. See Figure El 
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9l 




(* + ) 



(* + ) 



CXa J" 



P._9._ 1 Pi 

r + 






6 



6 



Figure 9: Cutted horizontal edges 



If necessary (/ + 7^ 0) complete the diagrams in order to have commode polygonal dia- 
grams. See Figure HH for the last two parts. 



o 



o 



l + + 



p _ q _ I Pi 

r QC : fc! 




O 




O 



Figure 10: Vertical parts in P a 
In this way we have construct an element of V a : 

= * (T/) + £ * w (r,) 

w<EP f 

where ^o(r/) = Tnd(Pi, Qi, ■ • ■ q®, is the Newton polygon of the germ, 

*to(r / ) = *+(r / )-^(r / ), 

*i( r /) = r(l,l,Z + ;pi,gi,fci;--- ;p r , g r , fc r ) 
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and 

*-(r / ) = r(i,i,z + ; P -( Z -,i,z-). 

Theorem 5.2 From we get an equivalence relation ~ on P a and a map 
{/ G C{X, F} : / defines an isolated singularity} — > P a / ~ 
5«c/i £/ia£ £/ie composition with the morphism Sppa awes £/*e spectral pairs of f . 
Question 5.3 What is ker(Sppa) ? Do we have such a factorisation in higher dimensions? 

6 The maximal spectral value 

Recall that to T(m, n,p, q, £±, . . . , £ a ) we have associated 

: R 2 -> R 

( x y) g^+P^ 

In the non-degenerated case the maximal spectral value is given by 1 — 0(1, 1) where the 
corresponds to the parallelogram wich contains the point (1,1) so it is natural to put the 
following definition. 

Definition 6.1 We call 1—0(1, 1) the virtual spectral value associated to T(m,n,p,q, £i, £ a ). 

We get a majoration of the spectral values (those of multiplicity non zero). 
Proposition 6.2 We have 

l-0(l,l)>a, 

for all spectral value a ofTp(m, n, p, q, £i, . . . , £ a ) . The virtual spectral value 1 — 0(1, 1) is a 
spectral value if and only if (1, 1) G {Ao(m — p£, n + q£) + Ai(m, n) : < Ao, Ai < 1}. // it is 
not the case, then 0(1, 1) is a spectral value. 

We will show that this majoration is enough for our computations. 

Now we can define the virtual spectral value associated to a vertex v of the Eisenbud 
and Neumann diagram of the germ /. Consider a vertex v of the Eisenbud and Neumann 
diagram Tf and the diagram associated to the vertex v obtained by cuting all the edges 
around v. Then we get a diagram of the type T(m, n,p, q, £i, . . . , £ a ). 

Definition 6.3 The virtual maximal spectral value of the vertex v is the virtual spectral 
value associated to the previous diagram. 
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To study the maximal spectral value of Tf it is usefull to study the variation in the 
diagram of the virtual spectral values. 

Consider the part of the Eisenbud and Neumann diagram given by the Figure fTTl 



( m i--i) 




6 



Figure 11: Attached vertical part 

Let 

£+ = p7_m- + qT.mi--! +p7_q~_k~ 

and 

t~ = q x ki H h q r k r . 

Proposition 6.4 Consider an edge of the diagram of the Figure 071 Cut the edge and get 
two arrows with multiplicities. Then 

1- if the edge is vertical the arrow with maximal multiplicity gives the direction where we 
have to go to get the virtual maximal spectral value, 

2- if the edge is horizontal and p~_ ,q~_ > 1 or £ + > t~ then the virtual maximal spectral 
value is given by the vertex of index i~ . 

Proof. The first assertion is given for the vertical part (non-degenerate case) of the diagram 
by the remark l4~71 

The second assertion is given by the following computation. 

Let 

i Pi- + 
a. =1 

£++ P 7_q-£- 

and 

a . = i Pi±V . 

qj(£+ + piki H h Pjkj) + pj(q j+1 k j+1 H h q r k T ) 

We have to show that a~_ > aj for j from 1 to r. 
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We have (see section for the definition of Aj b ) 

qj(£ + + pxki H h Pjkj) + pj(q j+l k j+1 H h q r K) 

= qj(£ + + pih H h pjkj) + Pj(£~ -qih qjkj) 

i-i 

= p/" + g/ + + y^fagj - Pj<?&)&6 

6=1 

i-i 

= p/~ + qj£ + - ^2 Ajbh 



6=1 



the numerator of — ctj is 



i-i 

\Pi + <?i - ?i(^" + + [Pi-Qi-iPj + Qj) -pAp7- + <i7-)) r + (p7- + v7-)J2 A jbh, 

6=1 

and 

Pj + Qj ~ QjiPi- + <h- ) = Qj(Pi- ~ l ){<h- ~ 1) + (Pi - <7iPr-C-)> 
P^i- (Pi+fc) -Pj(P t 7 - = PiO\ 7 - - -1) - Ao = Pj{{Pi- - 1)^1 - 1) -l)+p7_q7_ qj . 

The numerator can be rewrite as 

j-i 

(q j e + +p j £-)(p- - l)(q- - 1) + (£ + - r)A + (p- + g - ) A 3bh 

6=1 

so it is positive if pT_ ,q7_ > 1 or £ + > £~ . 

□ 

Condition (HI): For each vertex of the diagram all the horizontal edges attached to a 
vertex except perhaps one are such that £" > £ + . 

Suppose that there is two horizontal edges ei,e2 attached (from the right) to the vertex 
v G V with decoration (p, q) such that £~{ > £\ and £^ > £\. By construction we have 
£\ = pq£^ + ai, £2 = pq£\ + 0.2, with a x ,a 2 > 0. Then £\ > £2 and £\ > £\ . From this 
we deduce that £\ = £\ = l\ = p = q = 1 and the diagram is in the form given by the 
Figured 

o 




Figure 12: Neighborhood of v 
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We can eliminate the two vertices of valence 1 and the edge e\ and e 2 become vertical. 
These operations don't change the spectrum and by this way we can suppose that we are in 
the situation of the condition (HI). 

Now we can look for the maximal virtual spectral value of Ff. 

The point (1,1) give us the vertex we must consider in the first Newton polygon (corre- 
sponding to the vertex G P/). Let i[j be the index of this vertex. Consider the horizontal 
edges attached to it. There is at most one edge such that t~ > £ + . If there is no such edge 
then the algorithm stops. If not consider the vertex attached to the right of the edge. It 
gives a new polygon (so a new vertex of P/) and we consider the new vertex corresponding 
given by the point (1, 1). If pp and are different to 1 then we continue the algorithm with 
the new vertex instead of the vertex of index zq. If not the we exchange the horizontal edge 
with the vertical one of decoration 1 and we continue the algorithm. 

If we do again the algorithm then we get a sequence of vertices (and the tree is not modi- 
fied!) Vjo, . . . , V{n. Let Ojg, . . . , «jn the corresponding virtual spectral values and (pjo, q^), . . . , 
(p igiQio) the decorations attached to these vertices. The algorithm tells us that the decora- 
tions PjO, ?ig, . . . ,pjn, q^ are all different to 1 and a i o>---> (case 2 of the proposition). 
Take now any vertex v of the tree T j with virtual spectral value a v and consider the geodesic 
from v to VjO. Until we have not reach a vertex of the sequence t^g, . . . , t^, in order to find 
the maximal virtual spectral value we follow the direction given by the arrow of maximal 
multiplicity. From the Proposition 16.41 the virtual spectral values are growing. Call vf Q the 
first vertex of the sequence we met. To conclude, we have a v < a { k < c^o. 

Proposition 6.5 The virtual spectral value 



Otfi 



is the maximal virtual spectral value. 

Proposition 6.6 The maximal virtual spectral value is the maximal spectral value. 

Proof. We just have to check that the virtual spectral value c^g is a spectral value. 
From the choice of i^ the value a^o has multiplicity 1 in 

Sp(r(mjO +1 , n^o, qq, kq)). 
The spectral values of Sp(r(£^ + p^q^t^, 0,pjogjO, l,£~ )) are of the form 

*0 2q £q 

x+p^oy 

x, y > 1 



*0 « 



and from the fact that PjO > 1, q^ > 1 it is strictly greater than 



Pi + Qi° Pi + Qi° 

QLM = 1 = 1 — 
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□ 



Theorem 6.7 Let f : (C 2 , 0) — > (C, 0) be an analytic germ defining an isolated singularity 
of curve. Then there exists a germ g : (C 2 , 0) — > (C, 0) topologically equivalent to f such that 
the maximal spectral value is given by the point (1,1) in the plane of the Newton polygon of 
g. Furthermore the multiplicity of the maximal (or minimal) spectral value is one. 

Remark 6.8 In general the germ g is not Newton non-degenerated. 

7 A formula for the variance of the spectrum, Hertling 
conjecture 

From the previous section we can suppose that the maximal spectral value of / is given by 
the Newton polygon. 

We have seen that we have a decomposition of the splice diagram as an abstract sum of 
polygons, = M^f) + E^p/^/) - ^ w (T f )). 

Let w G P/ different of the root and 

fio the Milnor number of ^o(Tf), 

/i+ the Milnor number of ^^(Ff), 

H~ the Milnor number of *&~(Ff), 

fJ"w = fJ>w — fJ> w , 

the sum of the squares of the spectral values of ^+(1^), 
S~ the sum of the squares of the spectral values of ^"(1^), 

S w = S w , 

a the maximal spectral value of \& (r/) (and of Ff), 

t~ = qiki + ■ ■ ■ + q r k r , and £ + is the multiplicity of the left arrow, 



at = 1 - 



vi+qi 



w ^ Pl e- +qi e+ ) 



a,„ = 1 - 



Po = P~-q~, Qo = l,a =l- p J_°+^ + , 
= Pilj ~ PjQi, for < i, j < r, 
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A* = p i+1 qi - Pifc+i, < i < r - 1. 

From the additivity of the Milnor number and the sum of the squares of the spectral 
values we get the following lemma. 

Lemma 7.1 

6S - /zo^ = 6S - /ioao + [( 65 ^ ~~ Vw a w) ~ (QS~ ~ Vw a w) + 04, - - ot )] ■ 

We already know from the Newton and non-degenerated case that 6 So — /io«o is a linear 
combination with negative coefficients of the determinants of the Eisenbud and Neumann 
diagram. We will show that if we fix a vertex w of P/, then (6S+— — (6S~— /i~a!~) and 
A*™ — l^w are linear combination of the determinant correponding to the vertex w. Finaly we 
will show that 6S — fia^ is a linear combination of the determinants with negative coefficients. 
From this result we deduce immediately the Hertling conjecture. 

From the non-degenerated and commode case we have 

6S+ - Ai+oT = F+C+ + ■■■ + F^ati, 
65*" — = FqCq, 

where we have forgotten w to simplify notations. 

Suppose that l + > l~ then we know that the signs of the F« are positive. In the case of 
l~~ > / + , the same type of computation will work. 

Lemma 7.2 

F+C+ - F C = [d 2 -r + (£ + + P ;-q7r)(e + - £-)(£ 

Proof. From the section HI we have: 

F+ = (At A + Aj j2 + ... + At +2jr+1 )(l+ 

and 

= (A2 A +Az i2 )(mi-rii) + d 2 -t 
= -(£+ -l)(£ + + £~)-l)(£ + 

So 

F +C + - F C = [d 2 -r- ((£+ - l)(r + £ + ) + l){£ + 

□ 



1)] (C + - Co) 
+ (/i + -/i-)C + (£ + 



+ d 2 
+ d 2 



+ d 2 - 



(£ + -n] (C+-C ) 

+ (/i + -^)c + (£ + -r). 
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Lemma 7.3 



( qi £+ +Pl £-)(£+ +P 7_ q -£-y 

Proof. From the definitions we have: 

c+ = gi -Pi 

(£+ + £-)(qi£ + + pil~) 

and 

1 — j»r qC 



(e+ + e-)(e++ p-_ q -e-y 



□ 



Lemma 7.4 

*««+■ 

where Uq = £~ . 

Proof. From the definitions we have: 

r 

jj+ = (£+ + £~)(£+ - 1) +J2 [Pi(qih + ■■■ + q r k r ) + q t (£ + + Pl h + ■ ■ ■ + Pi-ifc-i)] fcj 

i=i 

-(f l "+Pifci + ---+p r fc r ) + l- 

and 

^- = {£+ + - 1) + (p- g - r + - 1) + 1. 

So 

r 

H + - H~ = -p-_q-_£-(£- - 1) +^ \pMih H h g r fc r ) + qiipiki H h Pi-i^-i)] 



i=l 



(Plfcl H \-PrK), 



H + -H~ = -p-_q-_£-{£- - 1) + ( X>^J ( r - X ) 

r 

+ [(Pi9i - P»5i)fci H 1" - Pi^-O^-i] fcj 



i=i 
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From the equality 



r 



we get 



ft gi 



= P 'Y" r(r - 1) + EI = 2 (Sr (ftgi ~ Pift) + g=ifaft ~ **%)**) 
= - 1) + EI =2 (Sr A ^ - S=i ^A-) fei- 

We also have 
so 

i— 1 i— 1 i— 1 ^ t 

We get the result from the equality: 

/^-^ = ^-r-i)+E[ =2 E;:;?^K-i)^ 

^r— 1 



- i) + ES EUi ft^ ^ " !) 



Lemma 7.5 



□ 



Proof. From the definitions. □ 

From the previous lemmas, we deduce: 
Proposition 7.6 

VM + + W + +ft % ^ ) Qi ) 

r-1 



_ E ^ + + n^pl) (ao _ a+ A Ai 



21 



Proof. From the previous Lemmas we have: 
(QS - imxX = -E+A 2 E+_, A r _! 

+ [d 2 -r + {t + P --q-r)(e + - r)(r - 1)] (c + - c ) 

+ - fi')(a + - a ). 

So we have immediately the coefficient of A f for t > and for A we have to remark that 

.r i+ -f i- - 1 

qi qi£ + + qi 

□ 

Now it is easy to prouve that the Hertling conjecture is true in dimension 2. 
Theorem 7.7 There exists positive rational numbers (£' e ) eg Ed such that 

6S - /la^ = - £ e A e . 

e€Ed 

Proof. We just have to show that the first coefficient is positive. 
We know that a is greater than 



so we only have to check the inequality for ctj instead of a . 
We have 

qi (d 2 -o + M + + Pl r)(^+p- g -_r -r(pr + <zf))(r - 1) = 

(rf 2 - + [( gi £ + + Pl r)(e + + {{p~ - i)( q - - 1) - i)r) - Ql ] (r - i) 

If p~_ ,q~_>l then the last expression is positive. If p~_ or q7_ is equal to 1 then £ + > t~ 
then the last expression is also positive. □ 

Corollary 7.8 // / : (C 2 , 0) — > (C, 0) is an isolated singularity then the conjecture of 
Hertling is true for f . Moreover, we have an equality if and only if f is a positive de- 
formation of a quasi-homogeneous polynomial defining an isolated singularity. 
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